Abstract This brief paper introduces an algorithm for smooth interpolation of a multivariate function. The input data for the algorithm consists of a set of function values and derivatives up to order r on a finite set of points E. The algorithm utilizes the Voronoi diagram of E to construct a partition of unity that isolates the points of E. Averaging locally defined functions with the partition of unity yields the interpolating function. There are no special cases; the algorithm treats all input data uniformly. The paper describes a test problem, the computation of a surface that is defined as the level set of a function of three variables. This test demonstrates that the algorithm produces approximations whose order corresponds to the degree of the derivatives in the input data.
Introduction
This paper is dedicated to Steve Smale, my PhD advisor. Steve has been a continuing inspiration to me throughout my career: his influence is apparent in this work. Numerous times, Steve investigated carefully chosen problems in areas that were new to him at the time. His approach has been to think about a subject from first principles and reshape it himself -typically with a perspective that reflects his mathematical roots in differential topology. Emulating his boldness, I tackle here a subject new to me -multivariate interpolation -from first principles. My viewpoint Panos Pardalos and Themistocles M. Rassias (eds.), Essays in Mathematics and its Applications.Dedicated to Stephen Smale, Springer, New York, 2011 appears simple from the perspective of multivariable calculus, but different from those I have found in the numerical analysis literature on the subject. Hopefully, these ideas will lead to further developments of broad applicability.
The problem of multivariate interpolation is closely related to the Whitney extension theorem. A Whitney field of degree r on a finite set E ⊂ ℜ n is a map τ r : E → P r where P r is the space of polynomials P : ℜ n → ℜ of degree r. We seek a C ∞ function f : ℜ n → ℜ whose Taylor expansion of degree r at each x ∈ E is given by τ r (x). In the context of manifolds, τ r (x) is an r-jet of f at each x ∈ E and the r-jet of f restricted to E is τ r . This interpolation problem is a special (trivial) case of the Whitney extension theorem with many solutions, and further criteria will typically be imposed to select among these. For example, Fefferman et. al. [2] have investigated the algorithmic construction of f with minimal or near minimal C r+1 norms. This paper approaches the problem experimentally, looking for simple constructions that are easily implemented and tested on examples. Criteria of simplicity are not readily captured in formal terms, so specification of what makes for a "good" extension would be premature in these early stages of this research. The criterion used here to assess the quality of interpolants is to begin with a Whitney field that is the restriction of a C ∞ function g to E, and then test how well the constructed interpolant f = f E approximates g as E and r vary. This begs the question of whether the function g would be chosen as a "good" interpolant, but our choices of g reflect the types of functions we seek to approximate. Fixing g, we would like to find a family of interpolants with the property that f E − g tends to 0 in the C r+1 norm as the mesh diameter of E tends to 0.
The interpolation problem arises in different areas. The immediate motivation here is accurate computation of level surfaces of a map F : ℜ m → ℜ k . Individual points of such a surface are readily computed with with root finding algorithms. Jets can also be determined as solutions of a hierarchy of equations obtained by differentiating F. Our goal is to smoothly blend patches defined by these jets in order to obtain high order accuracy in approximations of a level surface. We accomplish the blending by averaging the functions with carefully selected partitions of unity. Numerical tests indicate that this strategy does yield substantial improvements compared to prevailing methods for representing level surfaces, especially when compact representations are desired. Our tests take input data from Multifario [3] , a multiparameter continuation toolbox for computing implicitly defined manifolds. Multifario produces discontinuous, polyhedral approximations to surfaces under investigation. Our methods seek smooth surfaces that give better approximations to the manifold based upon the same mesh.
Interpolation problems arise also in computer graphics. Specifically, many motion capture systems are based upon video tracking markers on a moving object. The surface of the object is reconstructed from the marker measurements. There are two differences from the interpolation problem formulated above: (1) the data is in the form a point cloud in ℜ 3 that may lie on a folded surface that is not the graph of a function, and (2) many familiar objects are piecewise smooth and have ridges and corners that are an important part of their geometry. Nonetheless, reconstruction of local surface patches is essentially the problem described above. So it is instructive to look to computer graphics for rendering methods that have been developed in that setting. One class of prevailing methods produces subdivision surfaces [6] . Iterative piecewise linear refinements of a polygonal mesh converge to a C 1 (in a few cases C 2 ) surface. Each step of the iteration is based upon using a local stencil to produce new mesh points. The iteration is continued until the mesh spacing is comparable to the resolution of the rendering. Depending upon the scheme, the iterates may only approximate the input data or they may interpolate it exactly. One of the awkward considerations in the subdivision schemes is that the refinement rules depend upon the local connectivity of the mesh: the number of polygons adjacent to each vertex matters. Nonetheless, the methods are fast and readily implemented on graphics processing units. The limited smoothness of these methods results from self similarity: smooth manifolds become more and more linear on shorter length scales. In contrast, our methods rely upon forming smooth averages of patches defined by explicit formulas.
Algorithm
This section describes an algorithm for computing a C ∞ function f : ℜ n → ℜ that interpolates a Whitney field τ r on the finite set E. The Whitney field τ r consists of r − jets at each of the points of E = {x j }, 1 ≤ j ≤ N. This is used to construct a C ∞ function f that interpolates the data τ r . Given query points y k ∈ ℜ n , the algorithm returns output f (y k ).
The construction of f is based upon partitions of unity. Recall that a partition of unity of a C ∞ manifold M subordinate to the open covering U j of M consists of C ∞ functions ϕ j : M → ℜ with the following properties:
• ϕ j ≥ 0 with support contained inŪ j .
• For each x ∈ M, only a finite number of ϕ j (x) are nonzero.
If f j : M → ℜ is a collection of C ∞ functions with the same index set as the partition of unity,∑ j ϕ j (x) f j (x) is the average of the f j with respect to the partition of unity. Note that it suffices that the domain of f j contains U j and that the average is a C ∞ function.
We construct a partition of unity indexed by the set E so that x k is in the support of ϕ j if and only if k = j. (For brevity, we write ϕ x j = ϕ j .) If the functions f j represent the jets τ r (x j ) and are defined in domains that contain the supports of the ϕ j , then
is a smooth interpolating function for the Whitney field. Here N is the number of points in E. One specific choice for f j is the polynomial P j of degree r whose jet at j is τ r (x j ). At the point x j , the functions ϕ k , k ̸ = j vanish together with all their derivatives. Thus the only term that contributes to the r-jet of f is ϕ j P j . Since
The key aspect of the construction of f is building a cover that isolates points of E and a partition of unity subordinate to that cover. The first step in this process invokes a standard algorithm [1] to compute the Voronoi diagram of E. This tessellation has cells V j defined to be the points that are closer to x j ∈ E than to other points of E. Observe that if we scale V j by a factor of two, then the enlarged cell W j contains no points of E other than x j in its interior. Precisely, W j = {x|
The W j are a cover of R n because V j is in the interior of W j and every point x is in a V j .
The members of the partition of unity ϕ j will be functions whose support are precisely the W j . Let σ be a face of W j and L σ be a linear function that vanishes on σ and is positive on the interior of W j . Then the function ∏ L σ , the product being over all the faces of W j , is positive on the interior of W j and vanishes on its boundary. If g j are arbitrary smooth functions that are positive on the boundary of W j , then
is a C ∞ function. In particular, ψ j and all its derivatives vanish as x approaches the boundary of W j . We set
to obtain a partition of unity. The functions g j can be used to help "shape" the bump functions ϕ j and modify their gradients near the boundary of W j . This may help in reducing the derivatives of the blended function f due to large derivatives of the ϕ j . Evaluation of f at y ∈ ℜ n requires a list of the W j for which y ∈ W j . With this list, the values of ψ j (y) are computed, and finally
.
Example
Henderson [3] developed Mulitfario, a collection of algorithms for multiparameter continuation of k-dimensional level sets of a map R n+k → R n . He used the computation of a 2-dimensional torus embedded in R 3 as a test case. This torus T is the zero set of the function
It is the surface of revolution whose intersection with the (x, z) plane is the circle of radius 1/2 centered at (4/5, 0, 0). See Figure 1 . Here we use computation of a portion of this torus to test the performance of the algorithm described above. We take output from a Multifario computation of this torus as our starting point. In Multifario, manifolds are represented by discrete sets of points p j together with approximations to their tangent spaces at these points. The manifolds are approximated by polytopes whose boundaries are equidistant between a pair of p j . This gives a discontinuous geometric object: there are gaps at the boundaries of the polytopes. Our algorithm produces smooth interpolations of a portion of the torus represented as a graph of a function F z (x, y). Denoting by T c the part of the torus with F z > c, we apply the algorithm described above to T 2/5 . To avoid issues related to boundaries, we select the mesh points produced by Multifario on the larger surface T 1/5 and project these onto the (x, y) plane, obtaining the set of points E. We next evaluate the jets of degree 4 of F z to obtain a Whitney field τ on E for T 1/5 via explicit formulas for F z and its derivatives. The program Maple was used to generate formulas for these derivatives, and they were evaluated with Matlab. We computed interpolations of τ with the algorithms described above, implemented in Matlab. Algorithms from the Computational Geometry Algorithms Library (CGAL) that have been incorporated into Matlab [5] were used to compute the Voronoi diagram of E. The cells of the Voronoi diagram were then expanded by a factor of two from the interior mesh point to obtain supports for a partition of unity of a region containing the annulus A 2/5 defined by 0.5 < r < 1.1 in the (x, y) plane. The values of interpolations of the Whitney fields τ of degrees one, two, three and four at the vertices of the barycentric subdivision of E were compared with explicit evaluation of the function F z at these points. We denote the differences of these values by R j , the subscript labeling the degree of the interpolation. Figure 2 plots a piecewise linear interpolation of the computed residuals of R 3 on the annulus A 2/5 . There are 695 points in the mesh E output from Multifario; residuals of interpolations at 1819 mesh points of the barycentric subdivision are plotted in the figure. The figure illustrates vividly two observations: (1) the largest residuals are close to the boundary of the annulus where the function F z has a larger gradient and mesh triangles with a larger aspect ration, and (2) there are a few outliers at which the residuals have large relative magnitude. The largest magnitude of the residuals is approximately 3.35e − 4. To obtain another perspective on the accuracy of the interpolation, Figure 3 Fig. 2 A three dimensional plot of the residuals between the the zero set of the function (2) and the interpolation of three jets at the (added) points of the barycentric subdivision of the mesh produced by Multifario. Table 1 summarizes the effects on accuracy of interpolation due to mesh refinement and increasing jet order. Both refinement and increasing jet order consistently improve accuracy as measured by maximum residuals and the mean of the logarithmically transformed residuals. These data can be compared with estimates of the residuals from polyhedral approximations in the tangent spaces of points of E like those used in of Multifario. We compared the values of these polyhedral approximations at the edge points added to the barycentric subdivision of E. These are midpoints of segments joining the mesh points in adjacent cells. The maximum size of the gaps at these points is approximately 0.0044 and the mean of the logarithms of the gap sizes is approximately -8.16. We also computed the residuals between the correct value of z and the average of the values from the two polyhedra. The magnitude of the residuals was smaller than 0.0090 and the mean of the logarithms of the residuals was approximately -6.58. The residual magnitudes are similar to those obtained from the partition of unity averages when using jets of degree 1.
These results are expected since the partition of unity is also averaging linear approximations to the function at the mesh points E. Note that averaging itself is insufficient to increase the accuracy of linear approximations. This is readily seen from the following example: consider a convex function f : ℜ → ℜ and linear approximations to f at two points x 1 < x 2 . There will be a x 1 < y < x 2 so that both linear approximations give the same value at y. In this case, all weighted averages are the same and the residual with the value of f is O(|y − x j | 2 ). This indicates that the accuracy of approximation of our interpolation method rests with the accuracy of the individual patches: averaging with a partition of unity smooths the interpolating function while doing little to improve the C 0 accuracy of approximation. Table 1 Accuracy of the interpolation on A 2/5 by averaged jets of degrees one through four is summarized for two different meshes with the values of the maximum magnitude of the interpolation error and the mean of the logarithms of these magnitudes. 
Discussion
There is a vast gap in approximation theory for univariate and multivariate functions. Expansion of univariate analytic functions in suitable bases such as Fourier series or Chebyshev polynomials yields highly accurate approximations that can be used to interpolate function values. Analogous methods for multivariate functions do not seem to be prevalent. We demonstrate here how standard algorithms of computational geometry can be used as the foundation for smoothly interpolating functions with partitions of unity. The partitions of unity average or blend surface elements while preserving their values and the values of their derivatives at a set of mesh points. The methods are independent of the geometry of the mesh and simple to implement. We end with two additional remarks. One of the slowest parts of the algorithm implemented for this paper is testing which domains W j of the partition of unity contain a point y at which the approximation is to be evaluated. In most circumstances, we expect that the number of such domains will be small and that a local calculation will suffice to find the W j . How-ever, the following example illustrates the case that all domains intersect at a single point. Consider the set E = {exp(2πi j N , 0 ≤ j < N} in ℜ 2 regarded as the complex line. The Voronoi diagram of E consists of N sectors with apex at the origin. Each set W j of the corresponding cover contains the origin in its interior. This will remain true if the points of E are perturbed. Thus, there are no bounds on the number of sets W j that can overlap at a single point. On the other hand, if the Voronoi cells within a region each are contained in a ball of radius R, then we need only examine sets W j whose centers are within distance 2R of y to find all the W j that contain y. We expect that this observation can be used to significantly decrease the run time of the algorithm.
Theoretically, we would like to be able to estimate the derivatives of partition of unity averages and to choose partitions of unity that optimize these averages with respect to a given criterion. The derivatives of f = ∑ j ϕ j f j involve derivatives of both the f j and the ϕ j . Since ∑ j ϕ j is identically one, for any partial derivative ∂ , ∑ j ∂ ϕ j = 0. Therefore ∂ f is ∑ j ϕ j ∂ f j plus additional terms of the form ∑ j ∂ 1 ϕ j ∂ 2 ( f j − f ). If the f j are close to one another in a C r norm, then the additional terms will be small. This basic estimate lends a glimmer of hope that partitions of unity might serve as a vehicle for implementing higher order methods for multivariate problems. For example, high order methods are commonplace in solving initial value problems for ordinary differential equations. Are partitions of unity a tool for developing higher order methods for solving partial differential equations?
